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Abstract
It is well known that in every experiment involving charged particles there are individual photons emitted with small
energy ω and those with ω ≤ ω0 will not be detected but are present in the data. The typical procedure to estimate this
effect consists in taking the leading logarithm from the soft photon approximation and to make a simulation through
a Monte Carlo Algorithm (PHOTOS). The aim of this work is to compute the model independent QED correction to
τ→ Kπν decay and to estimate its effect in the decay width in the particular process τ+ → K0π+ν.
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1. Introduction
Hadronic τ decays are an ideal laboratory to obtain in-
formation about the fundamental parameters within the
Standard Model and also some properties of QCD at low
energies [1][2]. In particular the τ → Kπν decay has
been studied in the past by ALEPH [3] and OPAL [4]
and recently at B factories [5][6] where the high statis-
tic measurements provide excellent information about
the structure of the spectral functions, parameters of
the intermediate states and the total hadronic spectral
function. Also it is possible to determine the product
|Vus|FK0π++ (0) from this decay although the best determi-
nation comes from semileptonic kaon decays [7].
The nice feature of this sort of process is that the de-
cay amplitude can be factorized into a pure leptonic part
and a hadronic spectral function [8] in such a way that
the differential decay distribution reads
dΓKπ
d
√
s
=
G2F
(
|Vus|FKπ+ (0)
)2
m3τ
32π3s
S EW
(
1 − s
m2τ
)2
×

(
1 + 2s
m2τ
)
q3Kπ| ˜FKπ+ (s)|2 +
3∆2KπqKπ| ˜FKπ0 (s)|2
4s
 ,
(1)
where a sum over the two posibles decays τ+ → K+π0ν
and τ+ → K0π+ν has been done, isospin symmetry has
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been assumed and the reduced vector and scalar form
factors have been normalized to one at the origin
˜FKπ+ (s) =
FKπ+ (s)
FKπ+ (0)
, ˜FKπ0 (s) =
FKπ0 (s)
FKπ+ (0)
. (2)
In this expresion ∆Kπ ≡ m2K − m2π and the kaon momen-
tum in the rest frame of the hadronic system is
qKπ =
1
2
√
s
√
(s − (mK + mπ)2)(s − (mK − mπ)2)
× θ(s − (mK + mπ)2) . (3)
Theoretical descriptions [9] to the vector and scalar
form factors have been done in the Chiral Theory with
Resonances (RχT) framework [10] providing a succes-
ful representation of the data. It is worth to mention that
Eq. (1) includes the short distance correction S EW [11]
but the long distance correction is missed.
It is well known that in all decays with a charged particle
an emission of photons is always present altering the dy-
namics of the decay. A complete theoretical treatment
including the next-to-leading order electromagnetic ef-
fects in hadronic τ decays is required whenever an im-
pressive experimental precision has been achieved.
In the past a simple effective interaction approach was
used for a treatment of lepton-hadron interactions, how-
ever once the electromagnetic corrections are computed
an ultra-violet (UV) singularity appears [12].
In the Chiral Perturbation Theory (ChPT) framework
[13] it is possible to describe hadron-lepton interactions
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at low energy including also real and virtual photons
and leptons [14][15] without the UV problem, as can be
seen in the nice work done in Kl3 [16].
In addition in a radiative process a photon with en-
ergy ω ≤ ω0 is not detected but affects the measure-
ments1. The approximative next-to-leading order algo-
rithms [17] are used to simulate the correction due to
soft photons where the virtual corrections (one loop)
are reconstructed numerically up to the leading loga-
rithms from the real photon corrections. Also an im-
proved algorithm [18] can be applied if a phenomeno-
logical model is used to describe the behaviour of the
invariant amplitude.
This work presents the Model Independent (MI) elec-
tromagnetic corrections due to photons that are not de-
tected (virtual and soft-real photon ). In Section 2 is
described briefly the basis of the hadronic tau decay and
general effects of electromagnetic corrections. In Sec-
tion 3 the MI electromagnetic corrections are computed.
In Section 4 these MI corrections to the τ+ → K0π+ν
decay width are presented.
2. τ decay and the Electromagnetic Interaction
The invariant amplitude for the τ decay into the
hadronic state Kπ can be expressed [8] as follows
Mτ = CGFVuslµhµ , (4)
where the leptonic current is given by
lµ = ν¯τγµγ7uτ , (5)
and the hadronic part hµ that contains the form factors
F+(s) and F−(s), is written as follows
hµ = F+(s)(p+ − p0)µ + F−(s)(p+ + p0)µ , (6)
where p+(p0) is the 4-momenta of the charged (neutral)
scalar meson, s = (p+ + p0)2 and the Clebsch-Gordon
coefficient C = (−
√
2
2 ,
1
2 ) depends on the hadronic final
state (π+K0, π0K+).
In the chiral limit the tree level invariant amplitude
reads
M(0)τ = CGFVuslµ(p+ − p0)µ . (7)
Considering only the EM interactions, the total ampli-
tude is found to be
Mτ = CGFVuslµHµe.m. ,
Hµe.m. =
[
F+(u)(p+ − p0)µ + F−(u)(p+ + p0)µ] ,
F+(u) = 1 + f e.m.+ (u) ,
F−(u) = f e.m.− (u) , (8)
1 A photon with energy ω ≤ ω0 is called soft provided that ω0 is
smaller than typical energies present in the process.
where u = (Pτ − p+)2 and f e.m.± (u) contains the electro-
magnetic corrections. In the power counting of ChPT,
the electromagnetic interaction produces a correction to
the form factors that starts at O(e2 p0) [19]. In general
f e.m.+ (u) , f e.m.− (u) and they have an UV singularity. To
solve the UV problem there are at least two procedures:
• To apply ChPT with resonance (RχT) including
virtual photons and leptons.
• To choose a cut-off scheme in the 4-dimensional
integration.
The first point is the most suitable approach, however
the coupling constant of the lagrangian are unknown
from theory but can be determined by low-energy phe-
nomenology. That exhaustive task is out of the scope
of this work. We start with the amplitude at lowest or-
der Eq. (7) and following the approach of the ref.[20] a
Model Independent (MI) electromagnetic correction is
computed, which is free of UV singularities and it does
not depend of details of the interactions.
3. Model Independent Radiative Corrections
In this section the Model Independent one loop and
real photon correction is computed following the tech-
niques explained in ref.[20].
3.1. Virtual photons
Starting with the tree level amplitude Eq. (7) and us-
ing pointlike interaction between photon and charged
hadron, the MI one loop electromagnetic correction is
obtained from the Feynman diagrams of Fig. (1) .
Hence the total amplitude of the MI electromagnetic
P+
P0
τ+
ν
P+
P0
ν
+τ
ν
P+
τ+
P0
Figure 1: The so-called external diagrams, where a photon line conects exter-
nal charged legs, P+(P0) denotes the charged(neutral) scalar meson.
2
corrections takes the form
Mvm.i. =M(0)τ
α
4π f
v
m.i. ,
f vm.i. = 2 ln
[
m+mτ
λ2
]
− m
2
+
2u
(1 − rt) ln[rt] − 1
+
m+mτ
u
[
1
xt
− xt
]
ln[xt]
+ 2m2+ytC0[m2+, u,m2τ, λ2] . (9)
The notation is the same that ref. [21], λ is the photon
mass and the expression of C0[m2+, u,m2τ, λ2] is obtained
from the general form given in [22].
3.2. Real Soft Photon
In order to eliminate the IR-divergences due to the
vanishing of the photon mass, it is necessary to take into
account the process with a single photon emission [23].
According to the Low Energy Theorems [24][25] we de-
fine our MI real photon amplitude that is also gauge in-
variant as follows
Mγτ =M(0)τ e
[
p+ · ǫ(k)
p+ · k −
Pτ · ǫ(k)
Pτ · k
]
. (10)
The differential width of the radiative process can be
separate as follows
dΓm.i.τ→Kπνγ = dΓm.i.τ→Kπνγ|ω00 + dΓm.i.τ→Kπνγ|ωmaxω0 , (11)
where ωmax = [m2τ − (m+ + m0)2]/2mτ. The first part is
the focus of this work, the soft photon correction. The
MI differential decay width due to soft photon in the
τ→ Kπντγ process reads
dΓm.i.τ→Kπνγ =
|C|2G2FD(t, u)dsdu
m3τ(4π)3
[
α
π
gγ
so f t
]
, (12)
where the cinematic density is
D(s, u) = 2u2 + m
2
τ
2
(m2τ − s) + 2m2+m20
+2u(s − m2τ − m2+ − m20) . (13)
The function gγ
so f t includes the infrared term that has
been extracted carefully [26] and reads2
gγ
so f t = 1 + ln
[
λ
ω0
] [
2 + 2xtyt ln[xt]√
rt[1 − x2t ]
]
− yt xt
2√rt[1 − x2t ]
{
ln[4] ln[x2t ] + Li2
[
1 − x2t
]
−Li2
[
x2t − 1
x2t
]
+ ln[x2t ]
}
− 2 ln[2] . (14)
2The dilogarithm function is Li2[x] = −
∫ x
0 dt ln[1 − t]/t
The MI electromagnetic correction reads
∆e.m.m.i. (mτ,m+, u, ω0) =
α
π
[gγ
so f t +
f v
m.i.
2
] , (15)
where the infrared singularity is canceled as it should
be.
4. Correction to the decay
The differential decay width without electromagnetic
corrections can be written as follows
dΓKπ
dsdu =
G2F |VusFKπ+ (0)|2C2
(4π)3m3τ
ρ(s, u) , (16)
where the density is
ρ(s, u) = | ˜F+(s)|2D(s, u) + | ˜F−(s)|2D2(s)
+2 ˜F−(s) ˜F+(s)D3(s, u) ,
D2(s) =
m2τ
2
(m2τ − s) ,
D3(s, u) = m
2
τ
2
[2m20 + m2τ − s − 2u] , (17)
In order to include the MI electromagnetic interactions
we follow the approach explained in ref. [19]. Assum-
ing that QCD and EM effects are turned on, the form
factors are expanded according to the chiral properties
as follows
F+ = 1 + O(p2) + O(e2 p0)+m.d. + O(e2 p0)+m.i. ,
F− = O(p2) + O(e2 p0)− . (18)
The electromagnetic effects in the form factors have
been considered at the lowest order O(e2 p0), also in F+
the MI electromagnetic correction, described in the pre-
vious section, has been separated from the model de-
pendent correction. It is assumed that all the details of
how to deal with the UV singularity and the structure
behaviour of the photon-hadron interaction are left in
the model dependent form factor. Hence the differential
decay width including the MI electromagnetic correc-
tions is found to be
dΓKπ
dsdu =
G2F |VusFKπ+ (0)|2C2
(4π)3m3τ
{
| ˜F+(s)|2D(s, u)
+| ˜F−(s)|2D2(s) + 2 ˜F−(s) ˜F+(s)D3(s, u)
+D(s, u)∆e.m.m.i. (mτ,m+, u, ω0)
}
, (19)
where the integrated density is defined as follows
IKπ =
∫
ρ(s, u)dsdu . (20)
3
Integrating Eq.(19) allows us to know the size of the MI
electromagnetic corrections,
ΓKπ =
G2F |VusFKπ+ (0)|2C2IKπ
(4π)3m3τ
{
1 + δe.m.m.i.
}
,
δe.m.m.i. =
1
IKπ
∫
D(s, u)∆e.m.m.i. (mτ,m+, u, ω0)dsdu .
(21)
Once IKπ is computed, the size of these MI soft elec-
tromagnetic corrections can be known. Considering the
decay τ+ → K0π+ν, using diferent values of ωo and
IK0π+ = 0.802356 [27], the size of δe.m.m.i. is shown in Ta-
ble 1.
Table 1: Size of the MI Electromagnetic soft corrections in τ+ → K0π+ν.
ω0(MeV) 10 20 30 40 50
δe.m.m.i. -0.052 -0.041 -0.035 -0.031 -0.027
5. Conclusions
Summarizing the work done, the procedure described
in ref. [20] is used to estimate the MI electromagnetic
corrections to the τ → Kπν decay. In this preliminary
result, one loop corrections and soft real photons have
been taken into account. As it can be seen in Eqs. (9,14)
the result has a cinematic enhacement (u-dependence)
and is free of UV singularities. This result can be used
to improve the estimation of the soft photon corrrection
done by numerical simulation, provided thatω0 be small
enough compared with typical masses involved in the
process. In order to have a more reliable estimation of
the MI electromagnetic effects, an inclusive real photon
correction must be computed. In a forthcoming work,
the total MI real photon correction (see Ec. (11)) will
be estimate.
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